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Direct Computation of Jet Noise Produced
by Large-Scale Axisymmetric Structures
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A methodology is presented for directly calculating the noise emission associated with large-scale structures in
a supersonic jet. The nonlinear governing equations are solved in a computationaldomain that encompasses both
the jet � ow and the acoustic near � eld. A high-order discretization scheme is used along with careful boundary
treatment to capture the disturbance � eld accurately. Nonlinear interactions among the various frequency modes
of the � ow structure were found to alter the development of each mode and, hence, in� uence its radiation pattern.
Comparingthe calculated radiationpattern to experimentalobservationsindicates that the axisymmetricstructure
contributes preferentially in the forward direction, whereas the azimuthal structure is associated with a higher
emission angle and with a stronger effect on jet spreading. Sensitivity of the radiated sound � eld to the type of
incoming disturbances is studied.

Nomenclature
D = nozzle diameter
E = total energy
F , G, H = � uxes in the x , r , and u directions, respectively
I = enthalpy
M = Mach number
p = pressure
Q = unknown dependent variables
T = temperature
u, v, w = velocities in the x , r , and u directions
x , r , u = cylindrical coordinates
D = mesh spacing
m = effective viscosity
q = density
r = viscous stresses
s = unresolved stresses

I. Introduction

S EVERAL recent attempts have been made to calculate jet
noise by solving the time-dependent governing equations to

obtain the � ow � uctuations and then to use some other technique
to obtain the corresponding radiation � eld. Unsteady jet � ow can
be calculated with various degrees of approximation using large-
eddy simulations,1 ¡ 5 a nonlinear integral approach,6 linearized
Euler equations,7 or linear stability equations.8,9 The correspond-
ing sound � eld can be calculated using acoustic analogy,10 surface
integral methods,11,12 linearized Euler equations,13 or asymptotic
methods.8,9 For further details the reader is referred to reviews in
Refs. 14 and 15.

In the direct approach, the computational domain encompasses
both the � ow and the acoustic disturbance � elds. Direct Numer-
ical Simulations (DNS) using the full, time-dependent compress-
ible Navier–Stokes equations can completely describe the process
of sound generation and propagation. However, the resolution re-
quirements for high Reynolds number turbulent � ows make DNS
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impractical due to current computer capabilities.Alternatively,one
may focus on understanding the individual mechanisms involved
to develop technologies for faster computation of jet noise or for
control of the dominant mechanisms. Tam et al.16 have attempted
to classify the jet noise resulting from the mixing of the � ow � uc-
tuations into two contributions: one attributed to large turbulence
structure and the other attributed to � ne-scale turbulence. It is be-
lieved that the smaller scales are less ef� cient than the larger scales
in radiatingsound.17 ¡ 20 There is no cleardistinctionbetweenthe two
sources. We compute herein the noise attributed to the large-scale
structure, which is taken to be that produced by the numerically
resolved structure.

In the present approach the acoustically relevant, large-
wavelength scales are resolved. As with large-eddy simulations
(LES), the effects of the unresolved scales on those that are re-
solved are accounted for. The wave number range of the acousti-
cally relevant scales may be smaller than that usually resolved in
conventional LES. For this reason, we prefer to label the present
approach large-scale simulations (LSS) rather than LES. In Ref. 7
LES were presented with emphasis on capturing the sound source
as given by the jet � ow � uctuations.In the presentLSS, the compu-
tationaldomain is extended,and the boundarytreatment is modi� ed
to capture both the � ow oscillationsand the radiated sound directly.

We present in Sec. II the large-scale nonlinear equations govern-
ing the � owandacoustic� eldsof a roundjet.Theseequationsareob-
tained by � ltering the full Navier–Stokes equation and by modeling
the effect of the unresolvedscaleson the resolvedones.A high-order
numerical scheme and careful boundary treatments are needed, oth-
erwise the computedsolutionwill be contaminated,and the physical
� ow and acousticdisturbancescannotbe accuratelycaptured.These
issues will be discussed in Secs. III and IV. Results for the effect
of the magnitude and spectrum of the in� ow disturbanceson the jet
noisewill be presentedin Sec. V followedby conclusionsin Sec. VI.

II. Governing Equations
The problemunder considerationis thatof a supersonicjet issuing

from a nozzle of diameter D. The full compressibleNavier–Stokes
equationsdescribeboth the � ow and acoustic � uctuations.A spatial
� lter is introduced in the form

f (x) =

Z
K (x ¡ n , D ) f ( n ) dn (1)

where K is the spatial � lter function, D is the computational mesh
size. Upon applying this � lter to the � ow variables,the � ow� eld can
be decomposed into

f = f̄ + f 0 0 (2)
207
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where an overbar denotes the resolved (� ltered) � eld and a prime
denotes the unresolved(subgrid) � eld. The mean of the � ltered � eld
is the mean of the total � eld. Upon substituting this splitting into
the full Navier–Stokes equation, the � ltered compressible Navier–
Stokes equation takes the form (Ref. 21, Chapter 9)
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where Q is the unknownvectorand F , G , and H are the � uxes in the
axial direction x , the radial direction r , and the azimuthal direction
u , respectively. S is the source term that arises in cylindrical polar
coordinates, j is thermal conductivity,e is the internal energy, and
r i j are the viscousstresses.This system of equations is coupledwith
the equation of state for a perfect gas. Here, a tilde denotes Favre
averaging:

f̃ = q f / ¯q (9)

Velocities are normalized by the streamwise velocity at the jet exit
centerline, density is normalized by the exit centerline density, and
distances are normalized by the nozzle radius D /2.

The unresolved stresses s i j appearing in Eqs. (5–8) need to be
modeled.The objectiveherein is to capturea certain range of acous-
tically ef� cient scales. Thus, the unresolvedscales may be different
from those of conventional LES, and an appropriate subgrid scale
model is needed.Because such a model is lacking at present, a com-
pressible version of Smagornisky’s model22 is used to establish the
basic concept. Implementingsuch a model increasesthe dissipation,
which in some cases smooths out abrupt changes. In Smagornisky’s
model, the subgrid-turbulencestresses are modeled as

s i j = kg d i j /3 ¡ 2 q m R

¡
S̃i j ¡ 1

3
d i j S̃mm

¢
(10)

where kg is the kinetic energy of the residual turbulence.The strain
rate of the resolved scale is given by
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The summation S̃mm is zero for incompressible� ow, m R is the effec-
tive viscosity of the residual � eld,

m R = (Cs D f )
2
p

2Smn Smn (12)

and D f is the � lter width given by

D f = ( D x D y D z)
1
3 (13)

For the heat equation, the eddy viscosity is modeled as23

q = ¯q
m t

Prt

@T̃

@xk

(14)

where Prt is the subgrid-scaleturbulent Prandtl number, which can
be taken as 0.5, and Cs =0.23 (Ref. 24).

III. Discretization of the Governing Equations
A high-order discretization scheme is required to capture the

wavelike disturbances with a minimum of dispersion and dissi-
pation errors. A fourth-order space-accurate, second-order time-
accurateMacCormack-typescheme25,26 is used.The operator is split
into one-dimensionaloperators,which for the two-dimensionalcase
takes the form

Qn + 2 = L x1L r1L r2L x2 Qn (15)

Each operator consists of a predictor step and a corrector step using
one-sided differencing as follows.

Predictor:
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and likewise for the other directions. The sweep directions are re-
versed between operators to avoid biasing. Flux quantities outside
of the computationalboundariesare obtainedvia third-orderextrap-
olation of the interior quantities when needed.

IV. Boundary Treatments
The computationdomain is � nite, and numerical boundary treat-

ments need to be applied at the boundaries to depict the appropriate
physics. This, particularly for high-order � nite difference schemes,
could generate spurious modes that render the computed solution
entirely useless. Several boundary treatments need to be applied
at the computation boundary, as shown in Fig. 1. At x = xmin , the
nozzle exit � ow spans 0 < r < D /2, this is followed in the radial
direction by an entertainment regime and then a radiation regime.
At r =rmax , the radiation condition applies along x . At x = xmax, an
out� ow condition is applied from r =0 to the radial location,where
the radiationconditionapplies.For each of thesedomains the appro-
priate boundary treatment needs to be applied. Several suggestions
for boundary conditions that might be suitable for computational
aeroacousticshave recently been proposed and have been reviewed
in Refs. 27 and 28. The following treatmentswere found to produce
a stable solution nearly free from re� ections.
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Fig. 1 Computational domain.

A. In� ow Boundary

In real jets, the engine � ow determines the disturbance incom-
ing to the jet plume.29 Furthermore, the generated noise could feed
back and in� uence the disturbances through the engine intake and
through the nozzle-lip shear-layer receptivity. A full simulation in-
cluding the engine is not currently feasible; as such, the problem
needs to be simpli� ed. In the following, the computation domain
starts at the nozzle exit, where the nozzleexit � ow is supersonicand
the in� ow disturbances to the jet plume are speci� ed. Outside the
nozzle, the � ow graduallyswitches to subsonic and diminishes.For
r / D > 2, the acoustic radiation condition is applied. For r / D < 2,
the in� ow is characterizedby supersonic and subsonic regimes. In
the supersonicregime, all characteristicstravel in the � ow direction.
The primitive variables given at x = xmin are taken as speci� ed ac-
cording to the type of in� ow disturbance (Sec. V). In the subsonic
regime, Thompson’s30 nonre� ecting boundary condition is used.
The following three characteristics, C1 , C2, and C3, are speci� ed
according to the in� ow disturbances as

Pt + q cut = C1 , Pt ¡ c2 q = C2, q cvt = C3 (18)

The fourth characteristic, C4, is outgoing and is obtained from the
interior solution with a nonre� ecting condition by rearranging the
equations as

Pt ¡ q cut = C4x + C4r (19)

Where subscripts x and r denote the axial and radial derivative,
respectively.C4x is set to zero for a nonre� ecting boundary condi-
tion. The four characteristics are then solved together to obtain the
time derivative of the variables to update the solution at the in� ow
boundary. This allows feedback to affect the in� ow disturbances at
the subsonic regime.

B. Radiation Boundary Condition

The radiation condition is applied at x = xmin, for r / D > 2, and
at the lateral boundary, r =rmax, < 0 < x < xmax . Also, part of the
out� ow boundary, x = xmax , where the Mach number is less than
0.01, is considered a radiation regime. The conventional acoustic
radiation condition based on the asymptotic analysis of the wave
equation is used, namely,

{u t , vt , pt , q t } = ¡
³
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where M is the local Mach number and c0 is the speed of sound.
Spatial derivatives are obtained based on the interior solution.

C. Out� ow Boundary Treatment

The asymptotic analysis of the convective wave equation31,32

leads to

1 @p 0
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= 0 (23)

However, Tam and Webb’s33 asymptotic analysis shows that the
governingequationssupport vorticity and densitywaves in addition
to the acoustic waves, but that only the acoustic waves have a pres-
sure component. To account for the presence of � ow disturbances
at the out� ow, the momentum equations are solved to update the
density and velocity components using one-sideddifferencing.The
pressure equation (energy) is replaced by its asymptotic form to en-
sure outgoing waves. This condition is applied at x = xmax for the
radial direction, where the exit Mach number is greater than 0.01.

D. Centerline Boundary

The results presented for axisymmetric disturbances and the
boundary condition at r = 0 can be stated as

@

@r
[u, p, q ] = 0, v = 0 (24)

This was implemented by setting the � ux in the radial direction as
G =0. The centerline treatment for nonaxisymmetric disturbances
is addressed in Refs. 34 and 35.

V. Results
The numerical resultspresentedare for a perfectlyexpandedcold

supersonic jet at a Mach number of 2.1. The total temperature of
the jet is 294 K, and jet exit pressure is 0.0515 atm. The Reynolds
number based on the jet exit conditions is approximately 7 £ 104.
The computational domain extends axially from x / D = 2.5 to 35
and radially from the centerline to r / D = 16, as shown in Fig. 1.

Three types of in� ow disturbances are studied. In the � rst, a
single-frequency disturbance corresponding to St =0.2 is consid-
ered with nominal amplitude ², which could vary between low and
high initial levels. Here, St = f D / Ue, where f is the frequency in
hertz and Ue is the jet exit velocity at the centerline. In the sec-
ond type of in� ow, the initial disturbances are composed of two
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Fig. 2 Grid re� nement study: development of the rms values of the
axial momentum at r/D = 0.5.

frequencies corresponding to St = 0.2 and 0.4, with ² = 0.4. In the
third case, time-random in� ow disturbances are considered. In the
single- or two-frequency cases, the disturbances pro� les are ob-
tained by solving the Rayleigh equation describing the linear de-
velopmentof instabilitywaves. The resultingeigenfunctionsfor the
speci� ed mean � ow pro� le and frequencyare taken to be the radial
pro� les of the disturbances. The initial mean � ow pro� le used in
solvingthe Rayleigh equation is that given in Ref. 36 to describe the
experimentaldata of Troutt and McLaughlin.For the two-frequency
case,an initial phase-differenceangle b between the two is speci� ed
as 3 p /2 (Ref. 21, Chapter 6). For random-frequencyexcitation, the
radial pro� les of the disturbance are taken to be Gaussian, with an
amplitude A(t), which is a computer-generated random function.
The random disturbances range is taken as 0.025 < St < 1.6. The
upper Strouhal number range is taken to avoid errors from inaccu-
rate resolution of the higher frequencies, and the lower frequency
range is set for spectral analysis of the data. A total of 32 random
values is taken for each variable over uniform time steps from t = 0
to 40. An Akima spline is � tted through these points to determine
the value of the input disturbances for each time level. The result
is taken to be one period of the excitation, and at the end of each
period, the excitation cycle is speci� ed.

The grid points are equally spaced in the x direction. In the
radial direction, the grid is stretched between the centerline and
r / D = 1, with concentration around r / D = 0.5. Beyond r / D = 1,
the geometric grid stretching is used until the radial spacing equals
the axial spacing. Afterwards the grid is uniform in both direc-
tions. The numerical grid re� nement study is conducted for the
single-frequencyexcitation case at St = 0.2 at large amplitude cor-
respondingto ² =0.02, wherein nonlineareffectsare strong enough
to generate various modes that � ll the spectra. Four sets of grids
are considered, 196 £ 221, 391 £ 221, 391 £ 331, and 491 £ 331,
in the axial and radial directions, respectively. Figure 2 shows the
streamwise development of the root-mean-square (rms) value of
the axial momentum disturbance in the shear layer (r / D =0.5).
A grid-independentsolution is obtained for the 391 £ 331 or � ner
grids. Consequently, the 391 £ 331 grid is used in the subsequent
investigations.

A. Nonlinear Development of the Flow

In Figs. 3–5, we examine the nonlinear development of the � ow
disturbancesunder the various types of in� ow excitation discussed
earlier. The streamwise developments of the rms of the axial mo-
mentum disturbancesare shown in Fig. 3. For the small input distur-
bances, the growth is exponential in accordancewith the linear sta-
bility theory, and no saturation is reached within the computational
domain. For high levels of input disturbance, the disturbances ini-
tially grow exponentiallyaccordingto the linear stability theory, but
as the disturbancescontinueto grow,nonlinearsaturationis reached,

Fig. 3 Development of the rms values of axial momentum at r/D = 0.5
for various in� ow disturbances.

Fig. 4 Development of the amplitude of the pressure disturbance at
r/D = 0.5.

Fig. 5a Pressure spectra at r/D = 0.5, for single-frequency excitation,
² = 0.001.

followed by slow decay. The nonlinear saturation mechanisms in-
clude self-interactionand fundamental–subharmonicinteraction,as
well as generation of and interactionwith other sum and difference
modes. Increasing the disturbance level or the number of modes
causes nonlinear effects to come sooner, moving the location of the
peak upstream. Additional peaks may appear downstream, which
is typical of nonlinear interactions among the various disturbance
modes for subsonic jets. The experimental results of Troutt and
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Fig. 5b Pressure spectra at r/D = 0.5, for single-frequency excitation,
² = 0.04.

Fig. 5c Pressure spectra at r/D = 0.5, for two-frequency excitation,
² = 0.04.

Fig. 5d Pressure spectra at r/D = 0.5, for random-frequencyexcitation,
² = 0.04.

McLaughlin36 are shown in Fig. 3 for comparison. The prediction
qualitatively agrees with observations, but the decay rate is faster
in the experiment due to the three-dimensional effects, which are
absent in the present computation.

The amplitude of the pressure disturbance corresponding to
Sr = 0.2 is shown in Fig. 4 for several types of in� ow disturbances.
For initially small amplitudes, the growth follows the linear stabil-
ity theory. Comparing the ² = 0.04 case of single-frequencyexcita-

Fig. 6a Mean � ow Mach number pro� les at x/D = 5 and 30.

Fig. 6b Axial distribution of half-width of the shear layer, single-
frequency excitation, ² = 0.04.

tion to that of bimodal excitation at the same level shows that the
presence of the subharmonic reduces the peak of the fundamental
(Sr =0.2). For random in� ow disturbances,the presence of several
modes reduces the peak of the fundamental and increases its decay
rate.

The pressure spectra at r / d = 0.5 are shown in Fig. 5. In the low-
disturbancecase shown in Fig. 5a, there is practically no growth of
frequency components, other than the input one, indicating linear
behavior. In Fig. 5b, the spectra are shown for the case of single-
frequencyexcitation,² =0.04, where no harmonicswere originally
present. Figure 5b, however, shows considerable ampli� cation of
the harmonics due to the nonlinear wave–wave interaction. In the
bimodal excitation case in Fig. 5c, the amplitude of the fundamen-
tal and subharmonic are initially comparable to each other, but they
alternate dominance as they develop and interact downstream. In
the random input case, there is initially no dominant frequency.
However, as Fig. 5d indicates, a peak develops around Sr =0.25
in accordance with the preferred Strouhal number concept for sub-
sonic jets.37

Figure 6a shows the mean � ow Mach number pro� les at two
streamwise locations. Higher excitation levels or more modes in-
crease the spreading rate of the jet. The computed and measured
half-width of the shear layer of the single-frequencyexcitation case
is shown in Fig. 6b. The predicted spreading rate is lower than
the experimental one. This is attributed to neglecting the three-
dimensional structure, which for supersonic jets is more ampli� ed
than the axisymmetric one accounted for here.
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Fig. 7 Single frequency excitation at ² = 0.04: a) density: rmin = 0.5, rmax = 1.2, and D ½ = 0.0175; b) axial velocity: umin = 0.1, umax = 1.2, and D u =
0.0325; c) radial velocity: vmin = 0.06, vmax = 0.09, and D v = 0.005; and d) pressure: pmin = 0.1, pmax = 0.2, and D p = 0.0025.

B. Global Snapshots of the Disturbance Field

Figure7 shows snapshotsof thepressure,density,axial, and radial
velocities � uctuations. As pointed out earlier, boundary treatment
could cause serious dif� culties. The present boundary treatment
prevents the generation of spurious waves at the boundaries and
proves to be nonre� ecting. The wavy nature of the solution appar-
ent in Fig. 7 indicates that the dispersion and dissipation errors of
the schemeare negligible.The oscillatorysound sourcepeaks along
the jet before it decays downstream.The acousticwaves radiate for-
ward and seem to originate from the streamwise location of the
source peak. To validate that the captured disturbance in the outer
� eld is truly acoustics, in Fig. 8 we show a snapshot of the vorticity
distribution.The domain shown in Fig. 8 extends 35D in the axial
direction and 2.5D in the radial direction, where the radial coordi-
nate is scaled � ve times to have a clear view of the vortex structure.
Figure 8 shows that the vorticity is concentrated at the shear layer
and decays as r increases beyond the shear layer. Thus, waves cap-
tured in the domainr > 2D are irrotational,which suggests that they
are acoustic waves.

C. Acoustic Radiation

Figure 9 shows the rms of the pressure � uctuations for several
types of in� ow disturbance. For the low initial level case, the � ow
disturbances continue to grow within the computational domain
without forming a peak (Fig. 3). In the corresponding rms of the
pressure � eld, the typically observed lobed shape of the contours is
not apparent,which indicates the absence of a peak emission angle.
At higherexcitation levels, the disturbancepeakswithin the compu-
tational domain, and the lobed shape of the contours is apparent in
Figs. 9b and 9c. Thus, the lobed shape of the contours is related to
the existence of a streamwise peak of the sound source. For single-

Fig. 8 Instantaneous distribution of vorticity contours at Sr = 0.2,
!min = 0.0, !max = 0.44, and D ! = 0.04.

frequencyexcitation,a well-de� ned peak is apparent.In the bimodal
case, two peaks are apparent, each correspondingto a dominant fre-
quency. The emission angle is higher for the higher frequency. In
the random disturbance input case, although no dominant Strouhal
number at the beginningof the jet, a preferred Strouhal number de-
velops. This corresponds to a peak emission angle, as apparent in
Fig. 9d. The shape of the contours, however, is different from that
of a single frequency due to the strong nonlinear interactions in the
random in� ow disturbance case.
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a) Single-frequency excitation, ² = 0.001, prms,min = 0, prms,max =
0.027, and D prms = 0.0009

c) Two-frequency excitation, ² = 0.01, prms,min = 0, prms,max = 0.027,
and D prms = 0.0009

b) Single-frequency excitation, ² = 0.04, prms,min = 0, prms,max =
0.045, and D prms = 0.00015

d) Random-frequency excitation, ² = 0.01, prms,min = 0, prms,max =
0.027, and D prms = 0.0009

Fig. 9 Pressure � uctuation rms: prms;min = 0, prms;max = 0.027, and D prms = 0.0009.

Troutt and McLaughlin36 measured the sound� eld resultingfrom
an M =2.1 jet excited by axisymmetric disturbance at Sr = 0.2.
However, the measured jet disturbances were found to be domi-
nated by three-dimensionalazimuthal modes. The computed sound
pressure level (SPL) contours for several in� ow disturbances,along
with the measurements of Troutt and McLaughlin, are shown in
Fig. 10 for comparison purposes. The lobed shapes are the same
as in the experiment. We note that the peak of the computed sound
depends on the input disturbances.

All computed cases, however, only qualitatively agree with the
experiment because the measured peak emission angle is higher
than the computedone. The computeddisturbanceshere are limited

to two-dimensional axisymmetric ones. In real supersonic jets, the
azimuthal modes are more ampli� ed than the axisymmetric modes.
The computed spreading rate of the jet is less than the measured
one, which in� uences the peak emission angle. A mean � ow with
a higher spreading rate would result in better agreement. In the
linearized Euler approach,7 when the proper mean � ow is speci-
� ed, good agreementwith the experiment is obtained.Furthermore,
the measured directivity and the sound level result from both the
axisymmetric and azimuthal modes. The azimuthal modes radiate
at higheremissionanglescomparedto the axisymmetricmodes,and
including their contribution would result in better agreement with
the measured peak emission angle.
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a) Computed, single frequency, ² = 0.04 c) Computed, random frequency, ² = 0.04

b) Computed, two frequency, ² = 0.04 d) Experiment: Troutt and McLaughlin36

Fig. 10 SPL contours.

VI. Conclusions
A large-scale simulation capability is developed for direct com-

putation of jet noise. Results are presented for a limited frequency
range of the axisymmetric jet structure. The approach, however,
could be extended to cover a fully three-dimensional structure and
a wider range of scales.

Nonlinear effects on the sound source were found to mimic those
of subsonic jets. The initially linear streamwisegrowth of the distur-
bances is followed by nonlinearsaturation.The location of the peak
moves upstream with an increaseof the level of in� ow disturbances
and/or with an increase of the number of in� ow modes. Because of
nonlineareffects,othermodesare generatedin additionto the in� ow
modes. Nonlinear interactions among the various frequency modes
control their subsequent development and their radiation � eld.

Acoustic radiation seems to originate from the streamwise loca-
tion where the sound source peaks. The looped shape of the rms of
the sound pressurecontours is associatedwith the peak of the sound
source.The calculatedSPLs are in qualitativeagreementwith obser-
vations.However, the computedpeak emissionangleof the axisym-
metric disturbances is lower than the measured one. This suggests
that the azimuthal modes radiate at higher angles compared to the
axisymmetric ones. The shape of the SPL loops is dependent on the
nature of the in� ow disturbances, which indicates a potential for
controllingjet noise via manipulationof the incoming disturbances.
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